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Abstract
The impact of the mismodelling in the Earth’s geopotential coefficient C22 on the detection of the general
relativistic Lense-Thirring and gravitomagnetic clock effects is investigated. The systematical error induced on
the Lense-Thirring LAGEOS experiment amounts to almost 1%. Regarding the gravitomagnetic clock effect,
the systematical error induced on the satellite’s azimuthal location is 1-2 orders of magnitude larger than the
maximum allowable error in order to make feasible the measurement of this general relativistic feature.
11 Introduction
Two of the more interesting consequences of the structure of the spacetime around a slowly
rotating mass predicted by General Relativity are the dragging of the local inertial frames,
or Lense-Thirring eect [Lense and Thirring, 1918; Ciufolini and Wheeler, 1995], and the
gravitomagnetic clock eect [Mashhoon et al., 1999; 2001; Tartaglia, 2000a]. To-day, the Lense-
Thirring eect is currently under measurement by analyzing the laser-ranged data to the passive
geodetic LAGEOS and LAGEOS II satellites in the gravitational eld of the Earth [Ciufolini,
2000]. The feasibility of a space-based experiment aimed to the detection of the gravitomagnetic
clock eect in the the gravitational eld of the Earth as well is currently under investigation by
the scientic community [Gronwald et al., 1997; Iorio, 2001b; 2001c; 2001d; Lichtenegger et al.,
2000; 2001; Tartaglia, 2000b]. The detection of such tiny relativistic eects in the weak eld
of the Earth is very dicult because of lots of other competing classical forces acting on the
employed satellites. They induce systematical errors which aects the global accuracy of the
measurements. Then, it is of the utmost importance to assess as more accurately as possible
the impact of even very subtle competing eects on the error budget of such experiments. An
assessment of the systematical error induced by the time-dependent part of the Earth’s gravity
eld on the measurement of the Lense-Thirring drag can be found in [Iorio, 2001a; Iorio and
Pavlis, 2001; Pavlis and Iorio, 2001].
In regard to this goal, in this paper we will focus on the consequences on both these two
general relativistic eects of departures from axial symmetry of Earth accounted for by the
geopotential coecient C22. Recall that for a body of mass M and equatorial radius R










where I11, I22 and I33 are the principal moments of inertia of the body and the unnormalized
adimensional Stokes coecients Clm can be obtained from the normalized C lm with









For the Earth, according to EGM96 model [Lemoine et al., 1998],
C20 = −1.0826 10−3, (5)
δ(C20) = 7.962 10−11, (6)
C22 = 1.5744 10−6, (7)
δ(C22) = 3.468 10−11. (8)
The long-periodic rates for the inclination i, the node Ω, the pericenter ω and the mean






Bσ sin i sin 2Ω, (9)
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, where G is the Newtonian gravitational constant, entering eqs. (12)-(13) are,
respectively, the semimajor axis, the eccentricity and the mean motion of the satellite’s orbit.
3Eqs. (9)-(12) are averaged over an orbital revolution of the satellite. This is well suited to our
case because both the Lense-Thirring drag and the gravitomagnetic clock eect as well are orbit-
averaged. Moreover, eqs. (9)-(12) hold rigorously for a non rotating central mass; however, it
seems plausible to expect that the Earth’s slow rotation should not alter the essential features
of the conclusions we will draw.
The paper is organized as follows. In section 2 we will deal with the Lense-Thirring LAGEOS
experiment. In section 3 the impact on the error budget of the gravitomagnetic clock eect is
investigated. Section 4 is devoted to the conclusions.
2 The impact on the Lense-Thirring LAGEOS experi-
ment
Since the observable employed is a suitable combination of the residuals of the nodes of LAGEOS
and LAGEOS II and the perigee of LAGEOS II, we will look at eqs. (10)-(11). It may be
important to note that, since the LAGEOSs satellites do not lie in the Earth’s equatorial
plane, their inclinations would be aected by C22, according to eq. (9). This would aect eqs.
(10)-(11) as well. However, from a graphical inspection of the conserved quantity of eq. (14) for
dierent allowable values of C and for σ = 5.6 10−3 it turns out that the inclination remains
almost constant for all practical purposes. Then, in the following we will reasonably x i in
dealing with eqs. (10)-(11).

















In eq. (18) the rst term is the usual precession due to the Earth’s axisymmetrical oblateness
due to C20 only. The new contribution is the second term which, indeed, according to eq. (15),
































Also in this case the rst term is the usual C20-only precession; the second and the third terms
vanish for σ ! 0.
4In order to evaluate the impact of the mismodelled secular rates due to C22 on the Lense-
Thirring LAGEOS experiment let us employ eqs. (8)-(6) in the second term of eq. (18) for
LAGEOS and LAGEOS II and in the second and third terms of eq. (19) for LAGEOS II. The
results are summarized in Tab. 1.
Table 1: Mismodelled secular rates of the nodes and the perigees of LAGEOS and LAGEOS II
due to C22.
Satellite δ _Ω(2) (mas/y) δ _ω(2) (mas/y) δ _ω(3) (mas/y)
LAGEOS 29 - -
LAGEOS II -53.2 0.2 36.5
If we put the values quoted in Tab. 1 in the observable used in the detection of the Lense-
Thirring eect
δ _ΩI + 0.295δ _ΩII − 0.35δ _ωII ’ 60.2µLT, (20)
we obtain a systematical error due to C22 δµLT ’ 1%µLT1. In eq. (20) δ _ΩI, δ _ΩII and δ _ωII are
the orbital residuals of the rates of the nodes of LAGEOS and LAGEOS II and of the perigee
of LAGEOS II, respectively. Recall that the impact of the mismodelled even zonal harmonics
of the geopotential amount to almost 13% [Ciufolini , 2000].
Concerning the time-varying harmonic perturbations of eqs. (10)-(11), their eect is com-
pletely negligible. Indeed, their mismodelled amplitudes are proportional to δ(B)σ
2
which is of
the order of 10−20 s−1.
3 The impact on the gravitomagnetic clock effect
Here we will consider the standard conguration which involve a couple of counter-rotating
satellites following identical circular (e = 0) and equatorial (i=0) orbits around the slowly
spinning Earth. From eq. (9) it can be noted that for an equatorial orbit the inclination is
not aected by secular perturbations due to C22; moreover C = 0. The radial position, whose
1Note that eq. (20) is designed in order to cancel out the first two even zonal (l = 2, m = 0) contributions
of the geopotential; it is entirely affected by the effect examined here which is sectorial (l = 2, m = 2)







is not aected since there is no eect on the semimajor axis and the eccentricity, contrary to













For i = e = 0 eqs. (10)-(12) and eq. (22) yield
dφ
dt

















Eq. (23) shows that there are no long-periodic harmonic perturbations on φ. The influence
of the short-periodic geopotential pertutbations on the gravitomagnetic clock eect has been
investigated in [Lichtenegger et al., 2001]. Note that the rst term of eq. (23) is the expression
obtained in eq. (24) of [Iorio, 2001b] for the C20-only case. The second term of eq. (23)
vanishes for σ ! 0. In Fig. 1 we plot the mismodelled secular azimuthal rates due to C22 and
C20 and the maximum allowable error for the detection of the gravitomagnetic clock eect over
a span for the satellite’s semimajor axis ranging from 7,000 km to 42,160 km (geostationary
satellite). It is interesting to note that in this case, contrary to the Lense-Thirring experiment,
the mismodelled eect of C22 has a relevant impact on the possibility of measuring the general
relativistic eect of interest. Indeed, it is well above the upper limit of about 10−2 mas per
revolution.
4 Conclusions
A non rotating 2nd degree and order-gravity eld induces secular and periodical perturbations
on the node and the perigee of a test particle, periodical perturbations only on its inclina-
tion and secular perturbations only on its mean anomaly. We have applied these results to
the error budget of the general relativistic Lense-Thirring LAGEOS experiment and to the
gravitomagnetic clock eect in the terrestrial eld.
Concerning the Lense-Thirring eect, whose detection involve the nodes of LAGEOS and
LAGEOS II and the perigee of LAGEOS II, according to the present level of knowledge of
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Figure 1: Secular mismodelled azimuthal rate per revolution induced by the C22 and C20 geopotential coeffi-
cients. The values for the orbit radius span from 7,000 km to 42,160 km for a geostationary satellite.
the Earth’s gravity eld, the C22 mismodelled secular eects only have some importance: their
contribution to the total error is almost 1%.
Regarding the gravitomagnetic clock eect, while the radial position is unaected by C22, the
mismodelled secular perturbation induced on the azimuthal position is of relevant importance.
Indeed, it is of the same order of magnitude of that due to C20-only case and it is 1-2 orders of
magnitude larger than the maximum allowable error in order to make feasible the measurement
of such tiny general relativistic eect. This result conrms the relevance of the gravitational
perturbations for the measurement of the gravitomagnetic clock eect in the terrestrial eld.
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